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Dimension-Reduced Modeling of Spatio-Temporal
Processes

Jenny BRYNJARSDOTTIR and L. Mark BERLINER

The field of spatial and spatio-temporal statistics is increasingly faced with the challenge of very large datasets. The classical approach
to spatial and spatio-temporal modeling is very computationally demanding when datasets are large, which has led to interest in methods
that use dimension-reduction techniques. In this article, we focus on modeling of two spatio-temporal processes where the primary goal is
to predict one process from the other and where datasets for both processes are large. We outline a general dimension-reduced Bayesian
hierarchical modeling approach where spatial structures of both processes are modeled in terms of a low number of basis vectors, hence
reducing the spatial dimension of the problem. Temporal evolution of the processes and their dependence is then modeled through the
coefficients of the basis vectors. We present a new method of obtaining data-dependent basis vectors, which is geared toward the goal of
predicting one process from the other. We apply these methods to a statistical downscaling example, where surface temperatures on a coarse
grid over Antarctica are onto a finer grid. materials for this article are available online.

KEY WORDS: Bayesian hierarchica deling; D ing; Empirical orth | functions; Massive datasets; Maximum covariance
patterns; Polar MMS5.
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Introduction

Dimension-reduced modeling — Why?

@ Increasingly large datasets in spatial and spatio-temporal
statistics
o Satellite data, global network of weather stations,
output from climate models, medical imagery etc.
@ Traditional Spatial Statistics methods are computationally
expensive for large datasets
@ Dimension-reduced modeling is one way of approaching this
problem

Our focus:
@ Modeling of two spatio-temporal processes, where

o Both datasets are large
e The primary goal is to predict one process from the other
(e.g. Statistical Downscaling)

@ Data-Dependent basis vectors in the spirit of EOFs
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Introduction

Data — 2 meter surface temperatures in the Antarctic

ERA-40 Polar MMS
Apr 1979 Fall 1979
3
a
260 280

Polar MM5 model output: 14641 locations, 60km resolution

ERA-40 reanalysis data: 2736 locations south of 45°S
Total number of data points: 2,124,957
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Statistical Downscaling

Statistical Downscaling

@ Downscaling

e Data on a low-resolution grid used to

infer a process on a high-resolution grid

@ General circulation models (GCMs)

o Global model output on a low-resolution

grid

@ Regional climate models (RCMs)
e Regional model output on a

high-resolution grid

e Deterministic downscaling, driven by

GCM output

@ Statistical downscaling

o Statistical model high-resolution process

given the low-resolution data
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Low resolution
ERA-40 data January 1986

High resolution
Polar MM5 data Summer 1986
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Polar MM5 and ERA-40 data [°C]

Polar MM5
DJF (summer) 1999

ERA, Dec ERA, Jan

&

Polar MM5
MAM (fall) 1999
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Outline

© Dimension-reduced Bayesian modeling
@ Two spatial processes
@ Two space-time processes
@ MSE of dimension reduced predictors
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Spatial Statistics

@ Observations Yy, ..., Yy at spatial locations s, ..., sy
@ Typical statistical model:

Y= (Yio, V)T ~ N(,5)

@ Premise: Two Y’s at close locations are more likely to be similar
than two Y’s far apart.
@ Y modelled via a covariance function Cov(Y}, Y;) = c(s;, 5;|0)

e Usually a function only of the distance between s; and s;
e The point: Given the locations (and #) we can calculate

@ The likelihood:

f(u,0ly) =

(zﬁ),,/zfz(ew 5 oxp {—;(y —W)TE0) Ny u)}
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Dimension-reduced Bayesian modeling

Dimension-reduced spatio-temporal modeling

@ Addtime: Y; = (Yi(s1),..., Yi(sn)) t=1,..., T
@ Linear dynamical spatio-temporal model:

Yf — MYf*‘I +6Yt7 EYt ~ N(ovz)

o Problematic if N is large
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Dimension-reduced Bayesian modeling

Dimension-reduced spatio-temporal modeling

@ Addtime: Y; = (Yi(s1),..., Yi(sn)) t=1,..., T
@ Linear dynamical spatio-temporal model:

Yf — MYf*‘I +6Yt7 EYt ~ N(07Z)

o Problematic if N is large

Dimension-reduced approach:

Y= Ua; + n;, n: ~ N(0,%,)
a; = Ha; ¢ + &;, & ~ N(0,%¢)

Where
@ Uincludes K pre-specified basis vectors,
@ a;: Ky-dimensional amplitude vector, Ky << Ny.
@ Spatio-Temporal Random Effects model of Cressie et al. (2010)
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Dimension-reduced Bayesian modeling

Dimension-reduced spatio-temporal modeling

Yi= Ua; + nq, n: ~ N(0,%,)
a; = Ha; 1 + &;, & ~ N(0,%¢)

@ Implies a covariance matrix for Y:
Var(Y) = UL U + &,

Get a rich spatial covariance structure without having to specify a
covariance function
@ Need to estimate H, ¥¢ and L,
@ Need to specify the basis vectors, U. Examples:
o EOFs: Wikle & Cressie (1999), Berliner et al. (2000)
e Multi-resolution basis functions (wavelets): Wikle et al. (2001),
Kang et al. (2010), Katzfuss & Cressie (2011, 2012)
e Process convolution methods: Higdon (1998), Calder (2007)
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Dimension-reduced Bayesian modeling Two spatial processes

Hierarchical modeling of two spatial processes

@ Y(s) and X(c): spatial processes at locations s and ¢
@ LetY=(Y(s1),...,Y(sn,)) and X = (X(cy),..., X(cny))

Hierarchical Bayesian model:

Y. X|6][6] = [Y|X, 6] [X|6] [6]

@ Natural when we want to predict Y from X
@ Allows incorporation of knowledge of physical dependence
@ Avoids specification of the joint covariance model for Y and X
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Dimension-reduced Bayesian modeling Two spatial processes

Dimension-reduced modeling of two spatial processes

@ Alinear model for [Y|X, 6]:
Y=FX+e, E(e)=0, Cov(e) =%,

e Problematic if Ny and Ny are big
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Dimension-reduced Bayesian modeling Two spatial processes

Dimension-reduced modeling of two spatial processes

@ Alinear model for [Y|X, 6]:
Y=FX+e, E(e)=0, Cov(e)=12.

e Problematic if Ny and Ny are big
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Dimension-reduced Bayesian modeling Two spatial processes

Dimension-reduced modeling of two spatial processes

@ Alinear model for [Y|X, 6]:
Y=FX+e, E(e)=0, Cov(e) =%,

e Problematic if Ny and Ny are big
@ We consider using Dimension reduction models for both Y and X:

Y=Ua+ny and X=Vb+ny

e aand b: Ky and Kx dimensional unknown vectors of amplitudes
@ Need to specify U and V
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Dimension-reduced Bayesian modeling Two spatial processes

Dimension-reduced modeling of two spatial processes

@ Alinear model for [Y|X, 6]:
Y=FX+e, E(e)=0, Cov(e) =%,

e Problematic if Ny and Ny are big
@ We consider using Dimension reduction models for both Y and X:

Y=Ua+ny and X=Vb+ny

e aand b: Ky and Kx dimensional unknown vectors of amplitudes
@ Need to specify U and V

@ This implies a linear model for the amplitude vectors:
Y=FX+e = a=UFVb+UFny+Ue—-Uny
Or:. a=Hb+e

o H= UFV is of dimension Ky x Kx, much lower dimension than F
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Dimension-reduced Bayesian modeling Two space-time processes

Dimension-reduced model of two space-time
processes

o LetY; = (Yt(S1), ey YT(SNy)), and X; = (Xf(C‘|), R ,X[(CNX)),

Data Model

Y:=Ua;+ny and
Xe=Vbi+ny fort=1,...,T

Process Model

a;—1

5
b: | b4

} fort=1,..., T
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Dimension-reduced Bayesian modeling Two space-time processes

Dimension-reduced model of two space-time
processes

@ LetY; = (Yi(s1),..., Yi(sn,)) and Xy = (Xi(c1), ..., Xi(eny))

Data Model

Y:=Ua;+n, and
Xe=Vbi+mny fort=1,...,T

Process Model

a; = Hb; +eq; and
b;=Bb; {+ey fort=1,...,T
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Dimension-reduced Bayesian modeling MSE of dimension reduced predictors

MSE of dimension reduced predictors

@ Dimension-reduced predictors may be sub-optimal
@ The optimal predictor in terms of MSE is E(Y|X):

E(IIY = h(X)[?) = E(IIY — E(YIX)[[?)
@ A predictor under the dimension-reduced hierarchical model:
E(Y|b) = E(E(Y|a,b)|b) = E(Ua|b)

Jenny Brynjarsdéttir (CWRU) Dimension Reduced Modeling November 14 , 2014 14/39



Dimension-reduced Bayesian modeling MSE of dimension reduced predictors

MSE of dimension reduced predictors

@ Dimension-reduced predictors may be sub-optimal
@ The optimal predictor in terms of MSE is E(Y|X):

E(IIY = h(X)[?) = E(IIY — E(YIX)[[?)
@ A predictor under the dimension-reduced hierarchical model:
E(Y|b) = E(E(Y|a,b)|b) = E(Ua|b)

@ We can show:
E (IIY - E(Ualb)|2) = Eayp (IIUa +my - (Ua|b)|12)

=E(\|a— E(alb))| )+ZVar )

o = Need good prediction of the a amplitudes
e = Need good dimension-reduced representation of Y (U)
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Data-dependent basis vectors

Outline

@ Data-dependent basis vectors
@ Maximum Covariance Patterns (MCPs)
@ Orthogonal Maximum Covariance Patterns (OMCPs)
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EOFs, MCA, CCA
— Popular methods in climate science

One climate field:
@ Empirical Orthogonal Functions (EOFs) = Principal components
@ Used to study “modes of variation”

Two climate fields:
@ Canonical Correlation Analysis (CCA)

@ Maximum Covariance Analysis (MCA), also known as
“SVD-Analysis”

@ Have also been used for downscaling, e.g. van Storch et al. (1993)
and Widman et al. (2003).
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Empirical Orthogonal Functions (EOFs)
Empirical Orthogonal Functions (EOFs)

@ Y: Ny-dimensional random vector, mean 0, covariance ¥~y

Linear combinations (principal components)

A= U,1 Y, A= U/ZY, sooyg ANy = u’NyY

@ where Var(A;) is maximized subject to being uncorrelated with the
first i — 1 principal components

@ and EOF patterns have unit length, u‘u; = 1 for all i

@ Solution: Spectral decomposition Xy = AU’
@ Dimension reduction model: Y = Ua + ny
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Maximum covariance analysis (MCA)
Maximum covariance analysis (MCA) = “SVD analysis”

@ Y and X: Ny and Ny dimensional random vectors

MCA

A =0Y and By =VX

Ag = ﬁin and By = \NI&X (d = min{Ny, Nx})

@ where Cov(A;, B;) are maximized and
@ the MC patterns ; and v; are orthonormal

@ Solution: Singular decomposition of the cross-covariance matrix,
Yyx =UDV
@ Dimension reduction models: Y = Ua + ny and X = Vb + ny
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Data-dependent basis vectors Maximum Covariance Patterns (MCPs)

Predicting one process (Y) from another (X)

Y=Ua+ny, and X=Vb+ny

Could use EOFs for each process
@ Appeal: Good representation of each individual field

@ Concern: May not have a strong relationship between amplitudes
aandb

Could use MC patterns (or CCA)

@ Appeal: First few pairs of patterns capture most of the
cross-covariance structure (amplitudes have high covariance)

@ Concern: No guaranty that the patterns give a good
representation of each individual field
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Data-dependent basis vectors Maximum Covariance Patterns (MCPs)

Predicting one process (Y) from another (X)
Dimension reduction:
Y=Ua+ny and X=Vb+ny

Model for amplitudes:
a=Hb+e

We want U to give a good representation of Y.

@ E.g: Use EOFs that capture a high proportion of the total variance

of Y.

We want b to be a good predictor for a

@ Given basis vectors uy,. .., Uk, (e.g. EOFs),
we want to find Nx-dimensional vectors, v1,...,Vk,, so that

Cov(Ak, Bx) = Cov(u, Y, v, X)

is maximized foreach k =1,..., Ky
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Data-dependent basis vectors Maximum Covariance Patterns (MCPs)

Maximum Covariance Patterns

Maximum Covariance Patterns (MCPs)

@ The vectors 5
Xy Uk
V) = —— k = 1 P K
vl ’
maximize Cov(u,Y, v X) for each k

@ We call the v, vectors Maximum Covariance Patterns (MCPs)

@ Sample MCPs: Replace X xy with Sxy

Proposed basis vectors:

@ Use the K first EOFs, uq, us, ..., Uk, of the Y field as basis vectors
for U

@ Use the K MCPs, v4, Vo, ..., Vg, as basis vectors for V
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Data-dependent basis vectors Maximum Covariance Patterns (MCPs)

Proportion of total variance explained

@ Y and X: Ny and Ny dimensional random vectors
@ u and v: Ny and Ny dimensional known vectors
o Let A=u'Yand B=Vv'X
Proportion of total variance explained by a basis vector u:
Var(A)
tr(Zyy)

We define the proportion of the total variance in Y that is explained by
v through u as

Cov(A, B)? /var(B)
tr(Zyy)

pu(v) = Var(A)

= Cor(A, B)? =
tr(Xyy) (A.B)
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Data-dependent basis vectors Maximum Covariance Patterns (MCPs)

Proportion of total variance explained

Y and X: Ny and Nx dimensional random vectors
u: Ny dimensional known vector

v: MCP of X with respect to u

e: The first EOF of X. Then

Pu(V) > pu(e)

@ |.e. When explaining the variability in Y it is better to use MCPs as
basis vectors for X rather than the EOFs.
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Orthogonal Maximum Covariance Patterns (OMCPs)
Orthogonal Maximum Covariance Patterns (OMCPs)

@ Potential Problem: MCPs are not necessarily linearly independent

2 xyUg

v = XYk
|| Zxyugl|

k=1,..., Ky

Orthogonal Maximum Covariance Patterns (OMCPs)

OMCPs are vectors v that maximize Cov(u, Y, v| X) with the
constraint that v4, . .., vk are orthogonal

@ Same as Gram-Schmidt orthogonalization of the MCPs

@ OMCPs eliminate concerns about MCPs possibly being linearly
dependent

@ Orthonormal basis vectors are computationally convenient for
dimension-reduced modeling
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Statistical Downscaling of temperatures of the Antarctic

Outline

e Statistical Downscaling of temperatures of the Antarctic
@ Polar MM5 and ERA-40 data
@ Bayesian Hierarchical Model
@ Results
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Polar MM5 — Antarctic hindcast project

Polar MM5 model output

@ PSU/NCAR Fifth-generation Mesoscale Model (MM5)

@ Modified for polar regions by the Byrd Polar Research Center,
OSU (Monaghan et al. 2006)
@ Antarctic hindcast project:

e Polar MM5 used to model climate over Antarctica 1979-2001
o Data used here: Seasonal mean 2-meter temperature fields

ERA-40 reanalysis data

@ ECMWEF re-analysis project (http://data-portal.ecmwf.int /)

@ Used for initial and boundary conditions for the Polar MM5
simulations.
@ Cover the period from mid-1957 to mid-2002

o Data used here: Monthly averages of daily means of 2-meter
temperatures
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Polar MM5 and ERA-40 surface temperature data

Polar MM5 model output ERA-40 data from ECMWF

@ Regional climate model, @ Data product, monthly
seasonal 2-meter temp. 2-meter temperatures

@ 14641 spatial locations @ 2736 spatial locations south
(blue grid) of 45°S (grey grid)

ERA, Dec ERA, Jan ERA, Feb Polar MM5 ERdA(?rﬁy)and:glalﬂ\‘:zls(hlmgﬂgis ection)
DIF (summer) 1999 map centered at the south Pole (Stereographic projection)

B =

Polar MM5
MAM (fall) 1999
5 a1

ERA, May

S .4 b
' ' ' 10 'éD
[T O
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Centered Polar MM5 and ERA-40 data

C. ERA, Dec 1986

v,

A%

C. ERA, March 1986

C. ERA, June 1986

C.ERA, Sep 1986

C. ERA, Jan 1986

-

C.ERA, April 1986

C. ERA, July 1986
R
&

C. ERA, Oct 1986

S '

0
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C. ERA, Feb 1986

C. ERA, May 1986

£l

C.ERA, Aug 1986
\af
C. ERA, Nov 1986

N

10 15 -10

C. Polar MM5
Summer 1986

&
K

C. Polar MM5
Fall 1986

e

C. Polar MM5

Winter 1986

e

C. Polar MM5
Spring 1986

&

-5 0 5

Dimension Reduced Modeling

Construct EOFs of centered
Polar MM5 data
@ Separately for each
season

Then construct OMCPs of
centered ERA-40 data
@ For every EOF we obtain
three OMCPs,

— one for each month of
ERA-40 data
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Statistical Downscaling of temperatures of the Antarctic Polar MM5 and ERA-40 data

Basis Vectors (summer)

Group 1 Dec

Y

Group 2 Dec

-
~&
k

4

Group 3 Dec
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.4

1 1F
Group 1 Jan Group 1 Feb Group 1

Group 2 Jan
< -

=z
Group 3 Jan Group 3 Feb

ﬁ Group 3
£ 2
o
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Statistical Downscaling of temperatures of the Antarctic Polar MM5 and ERA-40 data

Basis Vectors

Proportion of total variance

Proportion of total variance

Proportion

o |
=
@
2
c o© -
LS o7
S
2 —— summer
= <
o o — fall
— winter
—— summer ~ | —— spring
—— fall o —— Month 1
—— winter . --- Month 2
—— spring o _| Month 3
o
T T T T T T T T
5 10 15 20 5 10 15 20

Number of U vectors

@ Chose Ky =4 and Ky = 4
@ First 4 EOFs explain 68% - 82%

MM5 data

@ First 4 OMCPs explain 36% - 85% of total sample variance of

ERA-40 data
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Bayesian Hierarchical Model

Y, +: Ny-dim. vector of centered Polar MM5 data, season /, year t
Xm,t: Nx-dim. vector of centered ERA-40 data, month m, year t

Data Model
For every t, mand /:

[Yitlan, Rl = N(Ua, R) and [Xmtlbm,i, Sm] = N (Vinbm,t, Sm)
U, and V), first four EOFs and OMCPs for season / and month m

Process Model

byt
[a/,f|bm/1.ffbm/g.fsbmlgflev C/] — N <H/ |:bm/2'f:| 3 C/>

my3,t
Hi= (Hm, Hm, Hms), Hm= diag(hpm)
[brmt|Bm—1.t, Bn, Dm| = N(Brnbm_1,, Dm) and [bz1] = N(pup, p)
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Statistical Downscaling of temperatures of the Antarctic Bayesian Hierarchical Model

Bayesian Hierarchical Model — Parameter Model

@ Normal priors for elements of transition matrices B, and Hp,

@ Inverse-Wishart priors for process-model covariance matrices, C;
and D,

@ Data-model covariances matrices R, and Sy, (Berliner et al. 2000):

e Modeled using the next six basis vectors to account for some of the
leftover structure

e Each covariance matrix has one unknown scalar with an
Inverse-Gamma prior

o Computationally very effective

@ Obtained samples from the posterior distribution via a Gibbs
Sampler
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Downscaling winter 2001 - fall 2002

Downscaled Polar MM5 Data
Winter 2001 Winter 2001
w Vi

Downscaled Polar MM5 Data

Downscaled
Summer 2002

£

-

Downscaled

Polar MM5 Data
Summer 2002

.

3 »

Polar MM5 Data

Spring 2001 Spring 2001 Fall 2002 i Fall 2002
] hl LY e ‘
-6 20 2 46
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Downscaling winter 2001 - fall 2002

Polar MM5 Data 5% Quant. Post. mean 95% Quant. Post. Sd.

Winter 2001

Spring 2001
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Downscaling winter 2001 - fall 2002

Polar MM5 Data 5% Quant. Post. mean 95% Quant. Post. Sd.

Summer 2002

Fall 2002
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Statistical Downscaling of temperatures of the Antarctic Results

Coverage of credible intervals

o

S

(=2}

2

[e¢]

©

~

S

©

@

n

2

<

o

™ _| —— Prop. in 50% credible interval —— Prop. in 90% credible interval
o

T T T T T
1980 1985 1990 1995 2000
Year

@ Proportion of datapoints yj; that fall within the 90% (and 50%)
posterior credible interval of Yy;
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Downscaling winter 2001 - fall 2002

Point wise prediction intervals

@ Obtained samples from the marginal posterior predictive
distribution of Y ;, for each location j

@ Percentage of locations where the actual Polar MM5 temperature
data fall within the 50%, 90% and 95% prediction intervals:

Winter 2001  Spring 2001  Summer 2002 Fall 2002

50% Pr. Int. 70.72% 38.19% 52.52% 50.67%
90% Pr. Int. 97.40% 77.58% 89.39%  80.60%
95% Pr. Int. 98.60% 86.45% 94.58% 85.31%
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Conclusions

Conclusions

@ A dimension reduced modeling approach can be very useful when
faced with large spatial or spatio-temporal datasets

@ The Orthogonal Maximum Covariance Patters are a promising
choice when the goal is to predict one space-time process from
another
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Polar MM5 and ERA-40 grids

ERA (grey) and PolarMM5 (blue) grids

POIar MM5 mOdel Outpu'[ map centered at the south Pole (Stereographic projection)

@ 121 x 121 polar
stereographic grid

@ Model resolution: \
60km in each
horizontal direction

@ 14641 spatial locations

ERA-40 reanalysis data
@ 2.5° x 2.5°
latitude-longitude grid

@ 2736 spatial locations
south of 45°S
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Data model covariance matrices R, and S,

@ Balance modeling the structure of the data with computational

feasibility
@ Idea from Berliner et al. 2000:
R=n (CIINY + U/D/D,I) = I’//ETW . (1)
where

° L:J,: next few eigen vectors from U,
e Dy: the corresponding eigenvalues (diagonal

e and
Ny

= > dx forie{1,234}. )
k=Ly+1
@ = data model incorporates additional spatial structure beyond
that represented in the leading basis vectors used to specify the
means.
@ Same approach was used to treat Sp,.
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Assessing Conditional Independence Assumptions

We assume that given the EOF amplitudes the Polar MM5
temperatures are independent of the ERA-40 temperatures, i.e.

[Y|a,b,6,X] = [Y|a, 6], (3)

If we believe that the EOFs capture most of the structure in the Polar
MM5 temperatures this assumption makes intuitive sense.

Heuristic assessment
@ Sample correlations between the residuals R =Y — Ua and X (or
between R and X — Vb)
@ For each season-month combination we have > 150 million such
airs
? e Randomly sampled 10,000 pairs of R; and X;
@ “null-density”: sampled 10,000 pairs of 22-dimensional
uncorrelated normal random variables
The same analysis for R and X — Vb gave similar results.
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Assessing Conditional Independence Assumptions
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Comparisons with EOFs only

@ We claimed that using OMCPs as basis vectors for the X is better
than using their EOFs

@ Fitted the same model with EOFs for as V instead of OMCPs

Mean square prediction error of the Polar MME temperatures using
OMCP vectors vs. EOF vectors for the ERA-40 temperatures:

Winter 2001 Spring 2001 Summer 2002 Fall 2002
OMCP 0.420 0.947 0.266 1.533
EOF 0.826 0.912 0.275 1.331
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Yearly variations

ERA-40 Polar MM5
Jan 1980 Summer 1980

ERA-40 Polar MM5
Jul 1979 Winter 1979
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